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Abstract

A crystal structure in P1 consisting of P heavy atoms
and Q light atoms in the unit cell is considered, and
the random variable vectors h and k, subject to well
defined restrictions, are uniformly and independently
distributed in reciprocal space. The linear combina-
tion of two phases ¥ =¢,t ¢, is a structure
seminvariant if and only if h+k=0 (mod w) where
w=(2,2,2). E, and E, are the two normalized struc-
ture factors associated with phases ¢, and ¢y and Ey
and ET are the contributions of the heavy atoms
respectively. The first neighborhood of ¢ consists of
the four magnitudes | Ey|, | Exl, | Etsx)/2l> | Et-x)/2l- The
conditional probability distribution of ¢, given the
four magnitudes |Ey|, | Ex], | Em+10/2)» | Et-t/2| and the
known contributions Ef, Ef from the heavy atoms,
is derived to the approximation of 1/ N. In favorable
cases, ie. when phase indications from the four-
magnitude neighborhood of the seminvariant and the
heavy-atom contributions coincide, a reliable esti-
mate for ¢ is obtained. The result obtained is applied
to the structure of a derivative of B-lactam and its
usefulness is demonstrated.

1. Introduction

The use of the structure seminvariant in direct
methods of crystal structure analysis is well known.
The probability methods have been applied to derive
the conditional distribution of the two-phase structure
seminvariant (Hauptman, 1976; Green & Hauptman,
1976). Hauptman (1975) formulated the neighbor-
hood concept in order to identify the small sets of
magnitude |E| on which the value of any structure
seminvariant most sensitively depends. In a crystal
in which one heavy atom or a few heavy atoms are
present, it is often possible to locate the heavy atoms
by the Patterson method, or a part of the structure
can be recognized in the Fourier synthesis. The esti-
mation of the structure seminvariants is likely to be
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more reliable when the contribution of the heavy
atoms (or known fragment) is also taken into account.

In a recent paper Giacovazzo (1983) has applied
the joint probability distribution method to estimate
phases when part of the crystal structurg is correctly
positioned. In this paper we consider the effect of
heavy atoms or known fragment on two normalized
structure factors associated with the structure
seminvariants to arrive at an expression that gives the
probability that the sign of E,E, is positive. The final
result so obtained has been tested on the structure of
a derivative of B-lactam and the anticipated improve-
ment in the estimate of the seminvariants is in fact
realized.

2. Derivation of the formula

In space group P1 the linear combination

¥ =ontox (1)
is a structure seminvariant if and only if
h+ k=0 (mod w), 2)

where o is the three-dimensional vector defined by
0=(2,2,2). (3)

Consider a crystal structure consisting of P heavy
atoms (known) and Q light atoms (unknown) in the
unit cell such that P+ Q= N, where N is the total
number of atoms in the unit cell. The normalized
structure factors of reflections h (h,, k,, I;) and k (h,,
k,, I,) can be written as

0} Ey= olREL + o J3ER @)
oY Eu= o EL+o1ED, )
where
| N P N
n
op = 2 f_;';o'nP= Z f;,(rnQ 2 fja
j=1 j=1 Jj=P+1
n=1,2,3,.... (6)
fi, ..., fn are the atomic numbers and E” and E©

are the heavy- and light-atom contributions to E,
respectively. The first neighborhood of ¢ consists of
the four magnitudes |Ey|, |Eyl, |Enswy2ls |En-w2]
(Hauptman, 1976).
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2.1. The joint probability distribution of the six normal-
ized Structurefactors Ehs Ek; E(h+k)/2, E(h —K)/2> Eha Ek

The joint probability distribution of the six normal-
ized structure factors E,, Ey, Eniny2 Em-wy25 Ets
E} is denoted by

P= g’(sl, S,, 512/2, Sli/z, SlP, SzP), (7)
where S;=R,cos¢;, S;=R,cos¢;, Si32=
Ry2/2 €08 @12/2, 81372 = Ry3/2 COS @132, Sip=

R.p c0s @,p, S;p = R,p cos ¢, p. Following a method
suggested by Hauptman (1983), it is found that,
retaining terms up to the approximation of 1/ N,

@=(%W)3{6Xp[ 2(52+52+5|2/2+S%§/z+S%P+S§P)
130’4 2 2 2
803 cr

(S“+ S3+8%,2+ 815/, 148153,z
0'
+4S|Sl§/2+452512/2+45f5 2/2+SS 2/2512/2)
o o
+ 352 51512/2512/2'*'% 52512/2515/2
g3 o3

04 T3

2
o4
+|—- S,82%, .+ S,S,S?
(20% oz)s a2 (202 02) 22122

+t—2 I/20 S PSIZ/ZS|2/2+ SZPSIZ/ZSIZ/Z

O2p %2
a.
T SiSuSTyat s S, pszpslz,z]}
. 2‘72P0'2

(8)

The distribution (8) leads directly to the joint condi-
tional probability distribution of the pair ¢, ¢y, given
Sip, S;p and the magnitudes of the four structure
factors E,, Ey, En+x)2 and Ey_y),o-

2.2. The joint conditional probability distribution of the
pair of phases ¢y, ¢, given the four magnitudes |E,|,
|Eyl, |Emsx)2| and the known part Ei, E{ of the
heavy-atom contribution

Let|Ey| = Ry, |Eu| = Ry, | Egnwy2l = Rizs2s | En-ryy2 =
R,3,, be the magnitudes of the structure factors and
¢n, ¢k be the phases of the normalized structure
factors E, and E,, which themselves are random
variables. The joint conditional probability distribu-
tion of the two phases ¢, and ¢, given R|, R,, R,3,5,
Ri3/2 and S,p, S,p is denoted by P(¢;, ¢2/R;, R,,
R\2/2, Ri3/2, Sip, S2p) and is found from (8) by fixing
SlP’ SZP and the magnitudes of S], Sz, 512/2, S|§/2
and summing with respect to ¢,5/2, ¢13/> over their
two possible values 0 and =, and multiplying by a
suitable normalizing constant K. Thus,
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g)((Ph (leRl, R,, Rlz/z, Rli/z, Sip, SZP)
(25 e
205 o3

xcos (¢, + ‘PZ)(Rf2/2+ R%i/z)]

=g CXP

O3
X cosh [;lez/lei/z(Rl cos ¢, + R, cos <P2)]
2

Xexp l: $1pS2p(R1y2+ RIZ/Z)]

Oap
20,50

X cosh [

0’2P

R12/2R12/2(51P+S]P)] (9)

where K is a suitable normalizing constant indepen-
dent of ¢, and ..

2.3. The conditional probability distribution of the
structure seminvariant § = @, + @, given the four mag-
nitudes |E,|, |Eyl, |Emn+wy/2ls |Em-x)2l and the known
part S,p, S,p of the heavy-atom contribution

The structure seminvariant ¢ = ¢, + ¢, is a random
variable whose conditional probability distribution is
found from (9). Thus,

@(lllth RZ, Rlz/z, Rli/z, S]P’ SZP)
G5
202 o3

X Ry, R; cos W(sz/z'*' R%i/z)]

=—ce
M *P

[og
X cosh [UTZ Ry5/2Ri3/2(R, + R, cos nl/)]
2

o
Xexp [20 4F S1pS:p(RYy2+ R%i/z)]

2P0

X cosh |/2 RI2/2R12/Z(SIP+52P)] (10)
LO2p
where
_ o, o2
M =exp (2— )R Ry( %2/2'*‘ R%i/z)]
L\<07> Uz

o
X cosh [(TT:;Z Ri2/2R3/2(R, + Rz)]
2

Xexp [2
O, p0

X cosh [

|SIP“SZPKR12/2+ RIZ/Z)]

R12/2RI2/2(|SIP| + |52P|)]

1/2
O2p0

o
+exp [‘(T;% 0'2>R Ry (R, + sz/z)]
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-
x cosh [UT% Ry2/2Ri3/( Ry — Rz)]
2

fi/z)]

Ri2/2R3/2(|S) 6|+ |SZPD]

(11)
If ?.(P_) denotes the conditional probability that

(12)

X exp [—

X cosh [01/2

2p 02

cos Yy =+1(-1),

then (10) is replaced by

l o, 03 2 2
@*=Mexp + 7‘%—0—3 R Ry(R72/2+ Riz/2)

a-
x cosh [;%RIZ/2R15/2(R1 + Rz)]
2

o
Xexp [2 SlPSZP(R%2/2+R%§/I)]

O2p0

. X cosh [01/20_ R12/2R|2/2(S|P+52P)] (13)

2P

where upper (lower) signs go together. If R;5,2R,3/,=
0, then

l g, o
P, =XJ— exp [ £ (%%_;%)Rle(sz/z‘*' R?i/z)]

o
Xexp [ 2F S, szp(sz/z'*' R%i/z)] (14)
20,p0,

and

M =exp [(2 Uz)R R,(Rj 2/2+Rf§/z):|

Xexp [ |SIP||SZP|(R 2/2+Rfi/2)]

+exp [ ( 42
[

Xexp[— Oap
- 20,p0,

)R Rz(R12/2+ R 2/2)]

|S1p)|S2p|(R32/2+ R%i/z)]-
(15)

If R12/2R 13/2= 0, (14) implies that when SIPSZP = O,
P, <1/2, which is well known. When S,pS,,<0, P,
is still further reduced, as anticipated.

3. Application and discussion

The result obtained here is applied to the known
structure of a derivative of B-lactam (C,3sH,sCIN,O;)
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(Nigam, Ghosh & Mitra, 1982). As the structure
belongs to the centrosymmetric space group P2,/aq,
the results obtained are equally applicable in this case
also. It is assumed that the coordinates of the chlorine
atom are known; its contribution to the structure
factors is calculated. Using | E| values greater than 2,
the pairs h, k satisfying h+k=0 (mod w) are found.
The values of 2. for these pairs are calculated from
(13).

Green & Hauptman (1976) derived the probability
distribution of the structure seminvariant ¢, + ¢, for
equal atoms. For unequal atoms, their results are
generalized by means of

| o
Qiz— + —4._
Lexp[ (20‘%

(%]
X cosh 0_3/‘2 Ri22Ri3/2(R £ R,) |.
2

0§ 2 2
— JRiRy(R 1272t R li/z)
o3

Table | shows values of ?, and 2. for 25 pairs of
structure seminvariants; comparison of , and 2,
is made under different conditions, as discussed here.
The entries in rows 1 to 11 show that when S,pS,, >0
and 2,>1/2 then ?,>2,. Inrow 12, S,p =0, the
contribution of S,pS,p is small and ., =2,. Rows
13, 15 and 16 show that when S,pS,, <0 then 2, <
2., and the actual sign of E,E, is positive. In rows
18, 20, 21, 23 and 25 the probability that E,E, be
negative can be predicted with greater reliability but
not conclusively since #,<2,. In row 23, par-
ticularly, 2,>1/2 so that E,E, is probably positive
(Ry2/2R)5/, is large) if one ignores the contribution
from the heavy atom, but when the contribution of
S,pS,p is taken into account, one obtains ?,<1/2,
the correct probability. In row 22, ?,=2,, since
S1pS,p is small. Again, in row 17, ,> 2, since
S1pS,p >0 although in this case the sign of E,E; is
negative.

Thus, it is clear from the above discussion that
when phase information from the known part is avail-
able the seminvariant phases can be determined with
greater reliability. If the heavy-atom contribution, or
part of a structure, is known by Patterson or other
methods, the contribution of the known part to the
total structure factors can be calculated. This informa-
tion together with the information from ‘neighbors’
will be of great value in estimating the structure
seminvariants in order to find the solution for the rest
of the structure. As is clear from Table 1, it is then
possible to estimate reliably a greater number of
structure seminvariants, and negative indications will
also be more definitive. This will be of help in the
process of finding new signs of other reflections. In
the present derivations terms up to the order of 1/ N
have been retained. Inclusion of higher-order terms
will, however, lead to better probability estimations.
Also, for more complex structures it may be necessary
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Table 1. 25 Values of P, and 2, for a derivative of B-lactam

Signs in parentheses are the true signs of the main reflections.

Indices of main terms

Heavy-atom
Observed magnitudes, |E| contribution E¥
h k
Number h k {h+k) Yh-k) h Kk P, R
1 4 8 9 20 11 246(=)  281(-) 349 234 -1-91 ~1-04 099 095
2 2 13 3 0 13 235~)  2:06(—) 279 260 ~0-58 ~1-86 098 091
3 9 4 4 54 12 261(+)  2:05(+) 2:04 1-89 1-86 1-99 097 073
4 9 4 4 3012 6 261(+)  2-12(+) 211 206 1-86 1-65 097 0-78
5 2 17 29 1 2:50(+)  2-54(+) 236 206 1-06 187 097 083
6 8 9 2 210 221(+)  263(+) 2:36 0-84 1-59 186 097 075
7 4 17 o 270 2:56(+)  2:10(+) 233 204 1-98 1:20 097 0-80
8 713 1 30139 270(+)  2:50(+) 238 1-56 1-96 1.57 096 074
9 4 10 3 4 8 9 2:03(—)  246(-) 1-88 206 ~1-60 -1-91 095 073
10 6 2 10 22 6 2:06(+)  2:05(+) 2.23 195 1-46 092 0-89 075
11 314 2 16 0 231(+)  2:60(+) 1-88 234 1-34 0-56 0-88 079
12 4 11 3 0 13 201(+)  2:08(-) 1:92 314 001 ~1-86 086 0-86
13 5 71 s 503 1 220(+)  3-00(+) 226 259 ~0-09 137 083 0-89
14 2 10 4 0 2 2 236(-)  2:59(-) 1-43 234 -1:59 ~0-67 0-82 0-69
15 305 8 3001 2 285(+)  2:00(+) 305 2:59 1-89 -0-48 076 0-93
16 6 14 2 2 4 12 2:57(-)  238(-) 185 208 -0-42 o011 0-74 075
17 8 8 4 22 6 225(-)  2:05(+) 0-88 261 093 092 0-63 053
18 s 5 7 30139 204(=)  2:50(+) 1-50 234 ~0-69 1-57 053 0-69
19 9 5 3 17 1 206(-) 2:12(+) 1-99 053 ~0-35 -077 050 0-49
20 305 8 303 10 285(+)  3-05(—) 1-78 111 1-89 ~0-66 0-50 0-59
21 6 14 2 22 6 257(~)  2:05(+) 1-80 016 -0-42 092 0-48 0-49
2 4 11 3 2011 2:01(+)  2:69(-) 1:99 0-54 001 -1-58 0-48 0-48
23 4 16 2 22 6 2:00(=)  2:05(+) 289 226 ~1-66 092 0-46 0-87
24 3014 2 360 230(+)  216(-) 206 207 1-34 ~1-39 043 076
25 5 5 3 17 1 226(~) 212+4) 1-99 074 185 -0-81 0-41 0-51
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Abstract by those for one period of the SL. General expressions

revealing the behavior of the diffraction pattern, irre-

The theory of X-ray two-beam dynamic diffraction spective of the particular model, are obtained. A
by the one-dimensional ideal superlattice (SL) in the detailed analysis is carried out for the most important
Laue and Bragg cases is developed. The reflection case: z,«< A (z, and A being the SL period and the
and transmission amplitudes of the SL are expressed mean extinction length of the crystal, respectively).
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